Introduction
In this article we define for any open connected set ft c: C" a plunsubharmonic function u^ that can be viewed as a counterpart of the generalized Green's function with pole at a given point. The organization of the paper is as follows. In the next section we introduce u^ and we prove that it decreases under holomorphic mappings. This generalizes the classical Lindelof property of Green's functions of one complex variable (for other generalizations of the property, see [5] ). Then we establish estimates for u^ in terms of the Caratheodory and Kobayashi pseudodistances on Q and we prove that u^ satisfies the generalized Monge-Ampere equation. As regards the terminology related to the MongeAmpere operator and used in this section the reader may consult [1] and [2] . In the last section we define an invariant pseudodistance on 0 using the function u^ and we study basic properties of the pseudodistance. It should be noted that plurisubharmonic counterparts of generalized Green's functions with pole at infinity have been known for more than two decades. They have been very useful in multidimensional complex analysis, especially in the theory of polynominal approximation (see [13] , [11] , [7] for references).
Plurisubharmonic counterparts of generalized Green's functions
Throughout this section we will assume that ft is an open and connected subset of C 1 . Fix weQ and define:
where the supremum is taken over all non positive functions U€PSH(O) (including-oo) such that the function r-^u(0-log|t-w| is bounded from above in a neighbourhood of w. By p we will denote the Poincare distance in the unit disc 17. That is if a and b belong to C7. p (a, b) = arc tanh | <p^ (a) \ where <Pb(z)=--^ for ze t7.
1-oz
The Caratheodory pseudodistance for 0 is given by the formula c^(z, w)=sup {p( /(z), /(w)): /: H -• 17 is holomorphic}.
Since the Poincare metric is invariant with respect to automorphisms of U c^(z, w)=sup{p(/(z), 0) :/: n-^ U is holomorphic,/(w)=0}. Now, assuming that inf0= +00, put Sn(z.w)=inf{pa.n)} where the infimum is being taken over all !,, r\€U for which there is a holomorphic mapping /:l/-^ft such that /(y=z and /(T|)=W. The Kobayashi pseudodistance in ft is defined as the largest pseudometric on 0 smaller than SQ. In other words /or any z6ft-{w}.
Proof.
-If u is a function from the defining family for UQ-then u°/€PSH(ft), u°/is non positive and Then Un(z, w)^u^(z, w)^ log tanh 8^(z, w) according to the above theorem. Proof. -As in the last proof we can prove that the function z -^ log tanh 8^ (z, w) belongs to the competing family in the definition of UQ. Combining this with the above theorem we get the corollary.
The simplest example of the situation when the right-hand side inequality in Corollary 1.2 is strict, is furnished by 0=C-{0, 1}. In this case, u^= -oo and k^ is non-trivial {see [8]). It is not difficult to prove that if Q is an open annulus in the complex plane the left-hand side inequality in Corollary 1.2 is strict. In order to see this let us recall the formula for the Caratheodory distance in an annulus. Fix qc(0, 1) and put A=[zeC:q< H<1}.
For z^O define
It is easy to see that H is holomorphic in C-{0} and H^O except at the simple zeros -q 2 "" 1 for n=0, ± 1, ±2,... It can be proved that H is equal to JacobFs theta function up to a constant factor. Take pe(q, 1) and set
Then Fp is a mcromorphic function on C -{0} which is holomorphic in a neighbourhood of A and has a simple zero at the point -p. Moreover, The above equality combined with {*) implies that for any two distinct points a and b of A log tanh c^ (fl, fe) < u^ (a, ^) which proves our claim {see also [12] ). Using Corollary 1.3 we shall prove the following. Since the Monge-Ampere operator plays in several complex variables a similar role to that played by the Laplacian in the plane, it is natural to consider the following generalized Dirichlet problem (see also [9] ). If ft is pseudoconvex with ^-boundary, a result of Kerzman and Rosay [6] implies that there is a ^"-strictly plurisubharmonic negative function r on ft such that r (z) u (z) = log tanh Cn (z, w) = log tanh fen (z, w),
then u solves (II).
This can be viewed as a slight generalization of Theorem 4 in [9] . We would like to conclude this section with a few remarks about other properties of UQ. Remark 1.8. -Suppose that the set C^-ft is pluripolar (i.e. there exists a function i?6PSH(C"), y^-oo and C n -Clc:{v= -oo}.) Then u^=-oo. Indeed, in this case Un(., w) can be extended to a plurisubharmonic function on C" which is bounded from above by zero. So it must be equal to -oo. 
An invariant distance
The extremal function u^ can be used to define an invariant pseudodistance.
Let ft be an open connected subset of C". Put <^(^ w)=max{p(expun(z, w), 0), p(expUn(w, z), 0)}.
Of course, if 0 is such that UQ is symmetric, <7^==p(exp u^ 0) (Comp. Remarks 1.10, 1.11). In fact we could take any other symmetrization of p(expUn(z, w), 0) as a^. Now definê
here the infimum is taken over all systems of points OQ, .. ., a^ in ft such that flo"^ an(^ fln.^^-Obviously, On is a pseudodistance. Moreover, it is the largest pseudodistance on Q smaller than a^.
As an immediate consequence of Theorem 1.1 and the fact that the function p(t, 0) increases in [0, 1) we obtain:
On'(/(^/(w))^n(^w).
In particular, every automorphism o/Q is a a^-isometry.
It is well known that k^ is the largest pseudodistance on Q for which every holomorphic mapping f:U-^Q, is a contraction. The Caratheodory pseudodistance CQ is the smallest pseudodistance on ft for which every holomorphic mapping/: ft -^ 17 is a contraction. Combining these properties with Theorem 2.1 we get: So the result follows from Corollary 2.2 and the continuity of k^ {see c.g. [3] ). Finally, notice that if ft is a bounded convex subset of C" then in view of a result of Lempert [10] and Corollary 2.2, Cn=0n=^n.
